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Abstract. In the 1960s, the L^-theory for the 9-operator has become an im- 
portant, indispensable part of complex analysis with influence to many other 
areas of mathematics. But, whereas the theory is very well developed on com- 
plex manifolds, it has been an open problem ever since to create an appropriate 
L^-theory for the 9-operator on singular complex spaces. In the present arti- 
cle, we present such a theory for (0, q) and (n, g)-forms on complex spaces of 
pure dimension n with isolated singularities. The general philosophy is to use 
a resolution of singularities to obtain a regular model of the L^-cohomology. 



1. Introduction 

The present paper is the second part of an attempt to create a systematic 
L^-theory for the (9-operator on singular complex spaces. By a refinement and 
completion of the techniques introduced in the first part |R3] . we obtain an almost 
complete picture for (0, q) and {n, g)-forms on a Hermitian complex space X 
which is of pure dimension n and has only isolated singularities. The general 
philosophy is to use a resolution of singularities to obtain a regular model of the 
L^-cohomology. 

The key element of our theory is a new kind of canonical sheaf on X introduced 
in |R3] which we denote here by )Cx- is the sheaf of germs of holomorphic 
square-integrable n-forms which satisfy a Dirichlet boundary condition at the 
singular set SingX. It comes as the kernel of the S^-operator on square-integrable 
(n, 0)-forms (see (fT8|) ). The S^-operator is a localized version of the L^-closure 
of the 9-operator acting on forms with support away from the singular set (see 
section [3] for the precise definition). If X is a Hermitian complex space with only 
isolated singularities, we showed in jR3] that the S^-complex 

O^IC'x^ J^"'° ^ J^"'^ ^ r''^ ^ ... J^'^'" ^ (1) 

is a fine resolution of Kx, where the J-""'"^ are the sheaves of germs of L^-forms in 
the domain of the (9s-operator (see Theorem 13. 2p . 

Besides that, we were able to give the following nice representation of /C^c 
terms of a desingularization (which exists due to Hironaka). Let tt : M — )■ X be 
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a resolution of singularities with only normal crossings, and let Z := -k ^(SingX) 
be the unreduced exceptional divisor. Then 

lC'x = T^*{^M®0{\Z\-Z)), (2) 

where K,m is the usual canonical sheaf of holomorphic n-forms on the complex 
manifold M (see Theorem 14. ip . By Grauert's direct image theorem (see |G1] ). 
this yields that K,x is a coherent analytic sheaf. 

In |R3] . we did assume now that the invertible sheaf 1Cm®0{\Z\ ~ Z) is locally 
semi-positive with respect to the base space X, i.e. that any point x G X has a 
small neighborhood Ux such that /Cm ® — Z) is semi-positive on t:^^{Ux) 

in the sense that the holomorphic line bundle associated to ICm ® 0{\Z\ — Z) is 
semi-positive on 7r^^(f/a,). Under this assumption Takegoshi's vanishing theorem 
(see [T], Theorem I and Remark 2(a)) yields the vanishing of the higher direct 
image sheaves 

i?%.(/CM ® 0{\Z\ - Z)) = , g > 1. 

So, if 

^ /Cm ® 0(1^1 -z)^ A A e;"'' ... (3) 

is a fine resolution of /Cm ® — Z), then the direct image complex vr^,^"'* 

is another fine resolution of ICx by use of the Leray spectral sequence. This 
means that the cohomology of the L^-complex is canonically isomorphic to 
the cohomology of the complex ([3]). In other words, ([3]) is a smooth model for the 
L^-cohomology of the c^s-complex ([1]). By use of the L^- version of Serre duality, 
this also led to a smooth realization of the L^-cohomology with respect to the 
(9-operator in the sense of distributions for (0, g)-forms (see [R3j, Theorem 1.6). 

In the present paper, we show how the semi-posit ivity condition can be dropped. 
Our first main result in this general situation is as follows: 

Theorem 1.1. Let X be a Hermitian complex space of pure dimension n > 2 
with only isolated singularities, and vr : M — )■ X a resolution of singularities with 
only normal crossings. Then: 

lC'x = ^*{}^M®0{\Z\-Z)), 

where Kx is the canonical sheaf for the ds-operator (i.e. the canonical sheaf 
of holomorphic {n,0) -forms with Dirichlet boundary condition), /Cm is the usual 
canonical sheaf on M and Z = 7r^-'^(SingX) the unreduced exceptional divisor. 
Moreover, the pull-back of forms it* induces forp > 1 natural exact sequences 

o^HP{x,iCx) ^ hp{m,iCm®o{\z\- z)) ^r{x,np) ^0, (4) 

0^/7^;,(X,/Ci) ^ H^^,{M,ICM®O{\Z\-Z))^T{X,nn^0, (5) 
where TZ^ is the higher direct image sheaf Wti^,{1Cm ® 0{\Z\ — Z)). 
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The proof of Theorem II .11 is based on the following observation. If ^"'* is a fine 
resolution as in (|3]), then the non-exactness of the direct image complex vr*^"'* 
can be expressed by the higher direct image sheaves IZ'^ = -R^tt^/Ca/ ® C(|Z| — Z), 
p > 1. These are skyscraper sheaves for X has only isolated singularities. So, they 
are acyclic. On the other hand, global sections in TZ^ can be expressed globally 
by L^-forms with compact support. These two properties allow to express the 
cohomology of the canonical sheaf JCx in terms of the cohomology of the direct 
image complex tt*^"'* modulo global sections in TZ'''. Another difficulty is to show 
that the exact sequences in Theorem 11.11 are actually induced by the pull-back of 
L^-forms (see Lemma fS.ip . 

By exploiting the fact that the L^- and the L^^^^-Dolbeault cohomology are 
naturally isomorphic on strongly pseudoconvex domains in complex manifolds, 
we are able to prove an L^-version of Theorem II. 1[ This is pretty interesting 
because it allows to carry over our results to (0, g)-forms by the use of the L^- 
version of Serre duality. If N is any Hermitian complex manifold, let 

be the 5-operator on smooth forms with compact support in A^. Then we denote 
by 

the maximal and by 

the minimal closed Hilbert space extension of the operator dcpt as densely defined 
operator from LP''^{N) to Lp^'^+\N). Let HPiI^{N) be the L^-Dolbeauh cohomol- 
ogy on N with respect to the maximal closed extension dmax, i-e. the 9-operator 
in the sense of distributions on N, and H^1^{N) the L^-Dolbeault cohomology 
with respect to the minimal closed extension dmin- 

We have the following L^-version of the exact sequence ([5]) from Theorem 11.11 

Theorem 1.2. Let (X, h) be a Hermitian complex space of pure dimension n >2 
with only isolated singularities, n : M ^ X a resolution of singularities with only 
normal crossings, and Q CC X a relatively compact domain. Let < p < n, 
Q := 7r~^(f2) and Q* = fi — SingX. Provide Q with a (regular) Hermitian metric 
which is equivalent to 7T*h close to the boundary bQ. 

Let Z := 7r~^{Q fl SingX) be the unreduced exceptional divisor (over Q) and 
JCm the canonical sheaf on M. Let L\z\-z M be a Hermitian holomorphic 
line bundle such that holomorphic sections in L\z\-z correspond to holomorphic 
sections in 0{\Z\ — Z). 

Then the pull-back of forms vr* induces a natural injective homomorphism 

with coker hp = r{Q, RPtt^,{}Cm ^0{\Z\ — Z)) if p > 1, and Hq is an isomorphism. 
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Note that singularities in the boundary bQ of Q are permitted. Any regular 
metric on M will do the job if there are no singularities in the boundary of Q. If 
n = X is compact, then the case p = n can be included (see Theorem 16. lip . 

The proof of Theorem 11.21 requires a detailed comparison of dmax- with L^^^- 
cohomology and of 9mi„-cohomology with cohomology with compact support (see 
section [6]) . Theorem 11.21 appears as Theorem 16.121 



Besides the L^-Serre duality between the dmin- and the c)maa;-Dolbeault coho- 
mology, there is (for p > 1) another duality between the higher direct image 
sheaves EPtt^^ICm ® — Z) on one hand and the flabby cohomology H^~^ 

of 0{Z — \Z\) with support on the exceptional set E = \Z\ on the other hand. 
This is explained in section 17.11 Combination of these two kinds of duality with 
Theorem 11.21 will lead to our second main result: 

Theorem 1.3. Let {X, h) be a Hermitian complex space of pure dimension n >2 
with only isolated singularities, n : M X a resolution of singularities with only 
normal crossings, and Q GG X a relatively compact domain. 

Let Q := Q* = Q — SingX and provide Q with a Hermitian metric 

which is equivalent to 'K*h close to the boundary bVL. Let Z := -K^^iVt fl SingX) 
be the unreduced exceptional divisor (over Vt) and JCm the canonical sheaf on M. 
Let Lz-\z\ M be a Hermitian holomorphic line bundle such that holomorphic 
sections in Lz-\z\ correspond to holomorphic sections in 0(Z — \Z\). 

Let 0<q<niffl = Xis compact and < q < n otherwise. Then there exists 
a natural exact sequence 

^ /7|(fi, 0{Z - \Z\)) ^ H'j^^iQ, Lz-\z\) ^ ^ 0, 

where H% is the flabby cohomology with support on the exceptional set E = \Z\. 
In case q = n, H^{Q, 0{Z — \Z\)) has to replaced by 0. 

Note again that singularities in the boundary bQ of Q are permitted and that 
any regular metric on M will do the job if there are no singularities in the bound- 
ary of Q. Note also that H^{Q, 0{Z — \Z\)) = by the identity theorem. 



The idea to identify the kernel of the natural map 

Hmlxiy>'^Lz-\z\) H^l^{n*) 

as the flabby cohomology of 0{Z — \Z\) with support on E is inspired by the 
work of 0vrelid and Vassiliadou [OV] who proved Theorem 11.31 recently in the 
case q = n — 1 (see |OVj . Theorem 1.4). Their method is quite different from our 
approach over Theorem II. ll^ 



We may remark that 0vrelid and Vassiliadou also use the representation 1^ from 'R3' . 
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If X is a projective surface with only isolated singularities and vr : M — )■ X a 
resolution of singularities as in Theorem II .St then 0vrelid and Vassiliadou showed 
that Hl{M, 0{Z - \Z\)) = (see [OVj, Corollary 5.2). 

Combining this with Theorem 11.31 and Theorem A from [PSj or Theorem 1.5 
from [R3], we obtain the following result for a projective surface considered as a 
Hermitian space with the restriction of the Fubini-Study metric: 

Theorem 1.4. Let X be a projetive surface with only isolated singularities and 
IT : M X a resolution of singularities with only normal crossings. Then there 
exist for all < q < 2 natural isomorphisms 

i/^L(^-SingX)^ij2'^(M). 

Let Z := 7r^^(SingX) be the unreduced exceptional divisor. Then there exist for 
all < q < 2 natural isomorphisms 

H''%M,Lz-\z\) ^ Htl,{X - SingX), 

where Lz~\z\ M is a Hermitian holomorphic line bundle such that holomorphic 
sections in Lz-\z correspond to sections in 0{Z — \Z\). 

This gives an almost complete description of the L^-cohomology of a projective 
surface with isolated singularities. Only the middle cohomology H^'^ is missing. 
Theorem 11.41 was conjectured and mostly proven by Pardon and Stern in [PS] 
(there was a difficulty with the critical group H^^^). This difficulty has been first 
overcome completely now by 0vrelid and Vassiliadou in |OVj . 

The organization of the present paper is as follows. In the sections [21 [3] and HI 
we provide the necessary tools for the proof of Theorem 11.11 in section [51 More 
precisely, in section [2] we show how to deal with the cohomology of non-exact 
complexes as e.g. a direct image complex vr*^"'* mentioned above. Section [3] con- 
tains a review of the c^^-complex as it is introduced in |R3j . This comprises the 
definition of the canonical sheaf of holomorphic n-forms with Dirichlet boundary 
condition K-x (see ffTSjl ) and the exactness of the S^-complex ([1]) (cf. Theorem 
13.21) . In section [H we recall from jR3] how )Cx can be represented as the di- 
rect image of an invertible sheaf under a resolution of singularities (see ([2]) and 
Theorem ll.il) . Using all these preliminaries, we prove Theorem II. II in section [5] 

In section [6] we study how the concepts that appear in the context of Theorem 
11.11 are related to L^-Dolbeault cohomology and prove Theorem 11.21 Section [7] 
finally contains the proof of our second main result. Theorem 11.31 

An outline of the historical development of the topic can be found in the in- 
troduction of the previous paper [R3j. 
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2. COHOMOLOGY OF NON-EXACT COMPLEXES 

Let X be a paracompact Hausdorff space. In this section, we consider a complex 
of sheaves of abehan groups 

Q ^ A"" ^ ^ ^ A" ^ ... (6) 

over X which is exact at A and AP such that A = kerao, but not necessarily 
exact at A^, p > 1. We denote by JC^ = ker the kernel of and by = Im 
the image of ap. Note that JC^ = A. We will now represent the g-th (flabby) 
cohomology group H'^{X, A) of A over X by use of the g-th cohomology group of 
the complex (j6]). Since ([6]) is not a resolution of A, this also involves the quotient 
sheaves 

UP := /CVJP^^ , P>1, (7) 

which are well-defined since ap o a^^i = 0. To compute the (flabby) cohomology 
of A, we first require that the sheaves A^ are acyclic: 

Lemma 2.1. Assume that the sheaves A^ , p > 0, in the complex ([6]) are acyclic. 
Then there are natural isomorphisms 

6^: ^iy?,, ^ H\X,JCP) , (8) 
(5« : i/^(X,XP) ^ if«+i(X,/CP) (9) 

for all p > 0, q > 1. 

In this lemma and throughout the whole section, we may as well consider global 
sections Tcpt and cohomology Hcpt with compact support. 

Proof. We shortly repeat the proof which is standard. For any p > 0, we consider 
the short exact sequence 

^ KP ^ AP ^ TP ^ 0. (10) 
Using H^{X,AP) = for r > 1, we obtain the exact cohomology sequences 

r{x,]cp) ^ r{x,Ap) ^ r{x,ip) A h\x,}cp) ^ o , 

^ H'i{X,IP) A H'i+\X,ICP) ^ , g > 1, 

which yield the statement of the lemma. 

The assertion that the isomorphisms are natural means the following. Let 

O-^B^B'^ ^ ... (11) 

be another such complex and 

A A* 

f 9 
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a morphism of complexes (where we abbreviate the complex ([6]) by — )■ ^ — t- ^* 
and the complex (ITTi) by — )■ i3 — i3* ) . If we denote by £^ = ker hp the kernel of 

hp and by J'^ 



Im hp the image of 6p, then 



aj,{V{X,AP)) 

9'p+i 

T{X,JP) 
bp{V{X,BP)) 



So 



H\X, KP) 



H\X,CP) 



is commutative, where g'^j^i and g'^ are the maps induced by the commutative 
diagram 











/CP 



■IP 





9v 







BP 



J- 



9p+i 
P 







0. 



The statement that the isomorphisms 6'^ are natural follows analogously. 
To go on, we need some assumptions on TZP; 



□ 



Lemma 2.2. For p > 1, assume that the quotient sheaf TZp of the complex (|6]) 
defined in ([7]) is acyclic and that the natural mapping r(X, /C^) r{X,TZP) is 
surjective. Then there is a natural isomorphism 

H'i{X,JP-^) ^H\X,KP) 
for all q > 1 (induced by the inclusion Ip^^ ^ }Cp). 

Proof. Under the assumptions, the proof follows directly from the long exact 
cohomology sequence that is obtained from the short exact sequence 



^ IP-^ ^}CP ^nP = KP/IP'^ 0. 



(12) 



If — )■ i3 — i3* is another such complex, then we obtain commutative diagrams 
as in the proof of Lemma 12.11 showing that the isomorphism is natural. □ 



Note that the assumptions of Lemma 12.21 are trivially fulfilled if the complex 
([6]) is exact such that TZp = for all p > 1. From Lemma [2TT] and Lemma [221 we 
deduce by induction: 

Lemma 2.3. Under the assumptions of Lemma \2.1\ and Lemma \2.2l e.g. if the 
complex ([6]) is an acyclic resolution, there are natural isomorphisms 



p . 



r(x,xp-i) 



ap_i(r(X,^p-i)) 



HP{X,A) 
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for all p > 1. Here, natural means the following. IfO^B^B* is another such 
complex as in (|TT|) and 

A A* 

f 

B B* 

a morphism of complexes as in the proof of Lemma \2.1[ then we obtain a com- 
mutative diagram 



fp 



HP{X,B), 



bp_i(r(x,Bp-i)) 

where J^~^ = Im 6p_i, fp is the map on cohomology induced by f : A ^ B and 
g'p is the map induced by g^ : A^ ^ B^ . If f is an isomorphism, then g'^ is an 
isomorphism as well. 

We can now make the connection to the p-th cohomology group of the complex 
(E]) by use of: 

Lemma 2.4. For p > 1, assume that the natural mapping r(X, /C^) r{X,TZ^) 
is surjective. Then there is a natural injective homomorphism 

Tix,ip-') ^ ,,,, r(x,/cp) 



■ 



■ ap_i(r(x,^p-i)) 

with coker i^ = T{X, 71^). 

More precisely, the natural sequence 

T{X,IP-^) 



HP{T{X, A*)) 



ap^^{T{X,AP-^)) 



^ 



ap_i(r(X,^P-i)) 



HP{T{X,A*)) ^(X,7^P) ^ 



is exact. 

Proof. From ( !T2|) we obtain by use of the assumption the exact sequence 

^ T{x,ip-^) — ^ r(x,/cp) — > ^(x,7^p) o, 

and this induces the natural exact sequence 

r(X,Jf-i) iP T{X,ICP) 



^ 



since 



ap_i(r(X,^f-i)) ap^,{T{X,AP-^)) 

ap_i(r(x,^p-i)) c T{x,i'-') c r(x,/cp). 



^(x,7^p) 



□ 



Combining Lemma [2.31 and Lemma [2 ■4[ we conclude finally: 
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Theorem 2.5. Under the assumptions of Lemma \2.1\ and Lemma \2.^ e.g. if the 
complex ([6]) is an acyclic resolution, then there is for allp > 1 a natural injective 
homomorphism 

V o (7^)-! : E'^iX.A) — ^ i7P(r(X,^*)) 

with coker iP o (7^)""'^ = r(X, 7^^). More precisely, there is a natural exact se- 
quence 



HP{X, A) 



iPo{-yP 



HP{T{X,A*)) — > ^(X,7^P) -> 0. 



Here, natural means the following. IfO^B^B* is another such complex as in 
ffTTj) and 

^ A ^ A* 

f 







B* 



a morphism of complexes, then we obtain the commutative diagram 



T{X,SP) 



HP{T{X, A*)) 

[9p] 

HP{T{X, B*)) 



ap_i(r(X,ylP-i)) 
9', 

6p-i(r(X,BP-i)) 



HP{X, A) 

U 

HP{X,B), 



where fp is the map on cohomology induced by f : A ^ B and [gp], g'p, g'p are 
the maps induced by gp : A^ — )■ B^ . The quotient sheaves are defined for the 
complex ^ B ^ B* analogously to the sheaves TiP for the complex — > ^ — > 
The maps 7^ are bijective and the maps i^ are injective. 



In the present paper, we need the foUowing consequence of Theorem 12.51 Here, 
we make use of our general assumption that X is a paracompact HausdorfF space, 
because this imphes that fine sheaves are acyclic. 

Theorem 2.6. Let X , M be paracompact Hausdorff spaces and it : M ^ X a 
continuous map. Let C be a sheaf (of abelian groups) over M and 







C 



1 , 



c 



2 C2 ^ 



(13) 



a fine resolution. Let A = tt^C be a sheaf on X , isomorphic to the direct image 
of C, and ^ A ^ A* a fine resolution of A over X . 

Let B := TT^C be the direct image of C and B* = n^^C* the direct image complex 
which is again fine but not necessarily exact. Since (fT3l) is a fine resolution, the 
non- exactness of ^ B ^ B* is measured as above by the higher direct image 
sheaves := -R^vr^C, p > 1. 
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Let 

^ A ^ A* 

= f 9 

B B* 

be a morphism of complexes, and assume that the complex ^ B ^ B* satisfies 
the assumption of Lemma \2.S\ i.e. that the direct image sheaves iS^ are acyclic 
and that the maps r{X, ker bp) — )■ r{X,S^) are surjective for all p > 1. 
Then g induces for all p > 1 a natural injective homomorphism 

H'f{r{X,A*)) ^ HP{r{X,B*)) 

with coker [gp] = r{X,S^). 

More precisely, there is a natural exact sequence 

^ HP{T{X,A*)) M HP{T{X,B*)) — ^ TiX^S") 0. 
In this sequence, one can replace HP{r{X, B*)) by HP{r{M,C*)) because 

r(x,i3^) = r(7r-i(x),c'?) = r(M,c^), 
b,{r{x,B'')) = c,{r{M,c')) 

by definition for all q > 0. 

Proof. The proof follows directly from Theorem 12.51 which we apply to the mor- 
phism of complexes 

{f,g):{A,A*)^{B,B*). 
Note that the direct image sheaves B'^ = vr^C, q > 0, are still fine sheaves for one 
can push forward a partition of unity under the continuous map vr. 

Consider the big commutative diagram in Theorem 12.51 Since ^ A ^ A* 
is a fine resolution, the quotient sheaves 7^^, p > 1, do vanish such that the 
map i^ in the upper line is an isomorphism. By assumption, the induced map 
on cohomology fp is an isomorphism, and so g'p must also be isomorphic (for the 
maps 7^ are isomorphisms, as well). 

But then 

HP{T{X,A*)) M HP{T{X,B*)) T{X,S'') -> 
is an exact sequence. □ 
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3. Review of the ^^-complex 

3.1. Two 9-complexes on singular spaces. Let us recall some of the essential 
constructions from |R3] . Let X be always a (singular) Hermitian complex space 
of pure dimension n and f/ C X an open subset. On a singular space, it is most 
fruitful to consider forms that are square- integrable up to the singular set. Hence, 
we will use the following concept of locally square-integrable forms: 

LlliU) := {/ G LlliU - SingX) : /|^ G L^^\K - SingX) CC U}. 

It is easy to check that the presheaves given as 

£^'^(f/) := LZ{U) 

are already sheaves — )■ X. On L^f^{U), we denote by 

the 5-operator in the sense of distributions on U — SingX which is closed and 
densely defined. When there is no danger of confusion, we will simply write 5^ 
for d^{U). The subscript refers to as an operator in a weak sense. Since 5^, 
is a local operator, i.e. 

Mu)\v = Mv) 

for open sets 1/ C f/, we can define the presheaves of germs of forms in the domain 
of d^, 

given by 

CP^\U) = O'^^U) n Dom9^(f/). 
These are actually already sheaves because the following is also clear: If t/ = \JU^ 
is a union of open sets, = f\u^ and 

G Dom9^(f/^), 

then 

/ G Domd^{U) and {d^{U)f) \u, = MU,)U. 
Moreover, it is easy to see that the sheaves C^''' admit partitions of unity, and so 
we obtain fine sequences 

We will see later, when we deal with resolution of singularities, that 

is just the canonical sheaf of Grauert and Riemenschneider since the L^-property 
of {n, 0)-forms remains invariant under modifications of the metric. 

The L^'^°'^-Dolbeault cohomology with respect to the (9tt,-operator on an open set 
^7 C X is the cohomology of the complex (|T^ which is denoted by H'^{T{U, C^'*)). 
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Secondly, we introduce now a suitable local realization of a minimal version of 
the 9-operator. This is the 9-operator with a Dirichlet boundary condition at 
the singular set SingX of X. Let 

be defined as followsH We say that / G Domdw is in the domain of dg if there 
exists a sequence of forms {fj}j C Domdw C L^oli^) "with essential support away 
from the singular set, 

supp fj n SingX = 0, 

such that 

/, ^/ in LP^'^iK -SingX), (15) 
dwfj^d^f in LP'^+i(K- SingX) (16) 

for each compact subset K GC U. The subscript refers to ds as an extension 
in a strong sense. Note that we can assume without loss of generality (by use 
of cut-off functions and smoothing with Dirac sequences) that the forms fj are 
smooth with compact support in U — SingX. This is the equivalent definition 
that we used in |R3] where we denoted the operator by dg^ioc- 
It is now clear that 

d,{U)\v = d,{V) 

for open sets V G U, and we can define the presheaves of germs of forms in the 
domain of dg, 

given by 

J^P'^U) = CP'\U) n DomdsiU). 

Here, we shall check a bit more carefully that these are already sheaves: Let 
U = IJf/^ be a union of open sets, / G Lff^{U) and = f\u^ G Dom9s(f/^) 
for all /i. We claim that / G Dom ds{U). To see this, we can assume (by taking 
a refinement if necessary) that the open cover U := {U^} is locally finite, and 
choose a partition of unity {f^} for U. On choose a sequence {fj'} C Lff^{Ufj,) 
as in (fT5|) . (fT6|) . and consider 

It is clear that {fj} C L^f^{U). If K CC U is compact, then K fl suppy^^ is a 
compact subset of f/^ for each /x, so that {/j*} and {dfj"} converge in the L^- 
sense to resp. d^f^ on 7^ fl supp ip^. But then {fj} and {i9/j} converge in the 
L^-sense to / resp. (9^/ on K (recall that the cover is locally finite) and that is 
what we had to show. 

^Again, we write simply ds for ds (U) if there is no danger of confusion. 
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As for C^'*^, it is clear that the sheaves J-'^''' are fine, and we obtain fine sequences 

We can now introduce the sheaf 

/C^ :=ker9, C J^"'° (18) 

which we may call the canonical sheaf of holomorphic n-forms with Dirichlet 
boundary condition. The main objective of the present paper is to compare 
different representations of the cohomology of /C^c- O'^^ of them will be the L^''°'^- 
Dolbeault cohomology with respect to the Sg-operator on open sets [/ C X, i.e. 
the cohomology of the complex (ITTl) which is denoted by H'^{r{U, J-"^'*)). 

3.2. Local L^-soIvability for {n, g)-forms. It is clearly interesting to study 
wether the sequences (fT4l) and (|T7I) are exact, which is well-known to be the 
case in regular points of X where the d^- and the S^-operator coincide. In 
singular points, the situation is quite complicated for forms of arbitrary degree 
and not completely understood. However, the 9^-equation is locally solvable in 
the L^-sense at arbitrary singularities for forms of degree (n, g), g > (see |PS] . 
Proposition 2.1), and for forms of degree (p, q), p + q > n, at isolated singularities 
(see [FQVj . Theorem 1.2). Since we are concerned with canonical sheaves, we 
may restrict ourselves to the case of (n, g)-forms and conclude: 

Theorem 3.1. Let X be a Hermitian complex space of pure dimension n. Then 

O^JCx^ ^ C"'^ ^ ^ ... — > C"'" ^0 (19) 
is a fine resolution. For an open set U G X , it follows that 

H%U,)Cx) = H\V{U,r'*)) , Ht^^{U,Kx) = H\V,pt{U,r'*)). 

Concerning the 9s-equation, local L^-solvability for forms of degree (ra, q) is 
known to hold on spaces with isolated singularities (see |R3j . Lemma 5.4 and 
Lemma 6.3), but the problem is open at arbitrary singularities. 

So, let X have only isolated singularities. Then the S^-equation is locally exact 
on (ra, g) -forms for 1 < g < n — 1 by |R3] . Lemma 5.4, and for g > 2 by |R3j . 
Lemma 6.3. Both statements were deduced from the results of Forn^ss, 0vrelid 
and Vassiliadou jFO V] . Hence: 

Theorem 3.2. Let X he a Hermitian complex space of pure dimension n > 2 
with only isolated singularities. Then 

O^JC'x^ ^ J^"'^ ^ J^"'^ ^ ... — > J^"'" ^ (20) 
is a fine resolution. For an open set U G X , it follows that 
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4. Resolution of (X, /Cjc) 

4.1. Desingularization and comparison of metrics. Let tt : M — )■ X be 

a resolution of singularities (which exists due to Hironaka |H2] ) . i.e. a proper 
holomorphic surjection such that 

'k\m-e : M -E ^ X - SingX 

is biholomorphic, where E = |'7r~^(SingX)| is the exceptional set. We may assume 
that is a divisor with only normal crossings, i.e. the irreducible components 
of E are regular and meet complex transversely. Let Z := 7r~^(SingX) be the 
unreduced exceptional divisor. For the topic of desingularization, we refer to 
[AHLj . [BMj and |H1] . Let 7 := 7r*/i be the puUback of the Hermitian metric h 
of X to M. 7 is positive semidefinite (a pseudo-metric) with degeneracy locus E. 

We give M the structure of a Hermitian manifold with a freely chosen (positive 
definite) metric a. Then 7 ^ ex and 7 ~ a on compact subsets of M — E. For an 
open set U C M, we denote by L^''^{U) and L^''^{U) the spaces of square- integrable 
(p, g)-forms with respect to the (pseudo-)metrics 7 and a, respectively. 

Since a is positive definite and 7 is positive semi-definite, there exists a con- 
tinuous function g G C°(M, M) such that 

dV^ = g^dV^. (21) 

This yields Ifi'llwl-y = \oo\a- if w is an (n, 0)-form, and \u\a- Ia'II'^It on U CC M 
if w is a (n, g)-form, < g < So, for an [n, q) form u on U CC M: 

/ \^\ldV. <u [ g'\co\^,g-'dV, = [ \co\'^dV,. (22) 
Ju Ju Ju 

Conversely, |5'||?7|'y '^u \v\cr on U CC M if 77 is a (0, g)-form, < g < n0 So, for 
a (0, q) form rj on U CC M: 

/ <u [ g-MWdV^ = [ IvlldV^. (23) 

Ju Ju Ju 

For open sets U GG M and all < g < n, we conclude the relations 

Ln,,^U) G Ll^'^iU), (24) 
L'fiU) G L'/iU). (25) 

For an open set C X, f2* = — SingX, Q := 7r~^(ri), pullback of forms under 
TT gives the isometry 

7T* : LP'^Q*) — > LP'^iQ -E)^ L^'^i^), (26) 

where the last identification is by trivial extension of forms over the thin excep- 
tional set E. 

This statement means that is locally bounded on M for (n,q)-forms. 

^ For (0, (7)-forms, |aj|^/|ti;|o- is locally bounded. 
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4.2. Representation of Kx under desingularization. By use of (126|) . both 
complexes, the resolution {C^'*,dw) of Kx and the resolution (J^*^'*, 9^) of /CJf, 
can be studied as well on the complex manifold M. This is the point of view that 
was taken in [R3j where we considered the sheaves C^''^ on M given by 

and 

C^;|:=£^'^n9;Ur"''' (27) 

where du,,E is the c^-operator in the sense of distributions with respect to compact 
subsets of M-E. (j2l]) is given by the presheaf C^'^(f/) = ^^%U)nl)omd^,E{U). 
It follows from (!26l) that (C^'*, d^) can be canonically identified with the direct 
image complex (vr^C^'^, 'K^dw,E)- Since £IJ'° = £^'° for the regular metric a on M 
by use of (12^ and (125|) . we can use the fact that the 9-equation in the sense of 
distributions for L^-forms extends over exceptional sets (see e.g. [R2] . Lemma 
2.1) to conclude that 

K:M:=ker9^,£;C£;'° = C° 
is just the usual canonical sheaf on the complex manifold M, and that 

K,x = tt^/Ca/ 

is in fact the canonical sheaf of Grauert-Riemenschneider. 

Analogously, we consider now the c^^-complex. Let dg^E be the (9-operator acting 
on £^'^-forms, defined as the S^-operator on X above, but with the exceptional 
set E in place of the singular set SingX. In [R3j . the operator dg^E was denoted 
by ds,ioc or dg, respectively. Let 

-pp,g ._ rp,q n rp.g+i 

Then it follows from (126!) that {J-'^'*,ds) can be canonically identified with the 
direct image complex (vr^J^^'^, vr^c^s^^;). 

It remains to identify kerc^^^E in = This was one of the key observa- 
tions (namely Lemma 6.2) in |R3] : 

n kei ds,E = JCm ® oi\z\ - Z) 
under the assumption that X has only isolated singularities. We conclude: 

Theorem 4.1. Let X he a Hermitian complex space of pure dimension with only 
isolated singularities, and vr : M — )■ X a resolution of singularities with only 
normal crossings. Then: 

JC\ = n,{JCM®0{\Z\-Z)), 

where IC'x ^■^ canonical sheaf for the dg-operator, JCm is the usual canonical 
sheaf on M and Z = 7r~-'^(SingX) the unreduced exceptional divisor. 
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5. Proof of the first main theorem 11.11 
We can now use Theorem 12.61 to represent the cohomology groups 

in terms of cohomology groups on the resolution vr : M — X. Recall that X is a 
Hermitian complex space of pure dimension n with only isolated singularities. 
Clearly, we intend to use Theorem 12.61 with A = K-x and 

(X,a,) = (^"'*,9,), 

so that — 7- ^ — 7- v4* is a fine resolution of A over X by Theorem 13. 2[ By 
Theorem 14. ![ 

A = ]C'x = 7i4JCm®0{\Z\-Z)), 

so that we can choose 

C = ICm(S)0{\Z\ - Z) 

for the application of Theorem 12.61 It remains to choose a suitable fine resolution 
— 7- C — 7- C*. Since (M, a) is an ordinary Hermitian manifold, we can use the 
usual L^-complex of forms with values in 0{\Z\ — Z). To realize that, we can 
adopt two different points of view. First, let L\z\-z — )■ M be the holomorphic line 
bundle associated to the divisor \Z\ — Z such that holomorphic sections of L\z\-z 
correspond to sections of 0{\Z\ — Z), and give L\z\-z the structure of a Hermitian 
line bundle by choosing an arbitrary positive definite Hermitian metric. Then, 
denote by 

L^^mLizi-z), L^UU,L\z\^z) 
the spaces of (locally) square-integrable (p, g)-forms with values in L\z\-z (with 
respect to the metric a on M and the chosen metric on L\z\-z)- We can then 
define the sheaves of germs of square-integrable (p, g)-forms with values in L\z\-z, 
CP''^{L\z\-z), by the assignment 

C^'^mzi-zm = Ll'JjU,L\zi^z). 
The second point of view is to use the sheaves 

£^'^®C(|Z| -Z) 

which are canonically isomorphic to the sheaves C^'''{L\z\-z)- Let us keep both 
points of view in mind. As in (127|) . let 

C'^:ULlz\-z) := (^izhz) n (28) 

where dy^ is the 9-operator in the sense of distributions with respect to compact 
subsets of M — £■ (and for forms with values in L\z\-z)- Since a is positive 
definite, the 9-equation in the sense of distributions for L^-forms with values in 
a holomorphic line bundle extends over the exceptional set, and we can drop the 
E in the notation and use as well the 5-operator on M. 
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It is clear that the sheaves C^''^{L\z\-z) are fine. Now then, the ordinary Lemma 
of Dolbeault tells us that 

^ /Cm ® 0{\Z\ -Z)^ Cf{L\z\-z) ^ C:^\^z\-z) ^ - 
is a fine resolution, and we choose 

(c*,c,) = (cr(^izi-z),^j 

for the application of Theorem 12.61 Note that 

H''{M,ICm^O{\Z\-Z)) = H%T{M,C:'*{L\z\-z))), 
H%,{MXm®0{\Z\-Z)) = H\V,,t{M,Cr{L\z\-z))). 
We have to consider the direct image complex 

B* = ttX* = 'iTXa'*{L\z\~z), 

and recall that the non-exactness of the complex — ?■ ir^C — ?■ 7t^,C* is measured 
by the higher direct image sheaves 

7^P := W'k,{1Cm ® 0{\Z\ - Z)) , p > 1. 

We have to check that these satisfy the assumptions in Theorem 12.61 (where they 
will appear in place of the S^). For a point x G X, we have 

(7^P),. = \imH\'K-\U),KM ® 0{\Z\ - Z)), 

u 

where the limit runs over open neighborhoods of x in X. Since vr is a biholomor- 
phism outside the exceptional set, it follows that TZ^ is a skyscraper sheaf with 
(JZ^)x = for X ^ SingX. Hence, the sheaves TZ^ are acychc. 

It remains to check that the canonical maps r(X, kerfop) — )■ r(X, 7?.^) are sur- 
jective for p > 1. So, let [u] G r(X, 7?.^). Since 71^ is a skyscraper sheaf as 
described above, [u] is represented by a set of germs {w^jxesingx, where each Ux 
is given by a (9-closed (?T,,p)-form with values in L\z\-z in a neighborhood Ux of 
the component 7r^^({x}) of the exceptional set, 

UxekeTd^cC:'Pmz\^z){Ux). 

We will see in a moment that we can assume that the forms have compact 
support. So, they give rise to a global form co G kerdw C C'^'^{L\z\~z){M), i.e. 

u G r(M,ker9^ n CP(L|^|_^)) = r(X,ker6p) 

represents [co] G r(X, 7^^). 

To show that we can choose Ux with compact support in Ux, we can use the 
fact that Z — \Z\ is effective so that Ux can be interpreted as a 9-closed form 
in C"'^(f4). But Takegoshi's vanishing theorem (see [T], Theorem 2.1) tells us 
that there is a solution rjx G C^'^~^{Vx) to the equation dy^rjx = on a smaller 
neighborhood of the component tt^^{{x}) of the exceptional set. Since (C"'*,9^) 
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is a fine resolution of tlie canonical sheaf /Cm, this fact is also expressed by the 
vanishing of the higher direct image sheaves 

W-kXm = , p > 1. 

Let Xx be a smooth cut-off function with compact support in that is identically 
1 in a neighborhood of 7r~^({x}). Then dw{Xxflx) is the form we were looking 
for because it has compact support in Ux and equals Ux in a neighborhood of 
7r~^({x}) so that it can be considered as a form with values in L\z\-z again. 
Hence, we can use Theorem 12.61 with 

{A A*) =(/Ci,^"'*), 

{B,B*) = {■K,{lCM®0{\Z\-Z)),TxXr{L\z\-z)), 

(C,C*) = {Km®0{\Z\- Z),C:^\L\z\^z)) 

after identifying a morphism of complexes (/, (?) : {A, A*) — t- {B,B*) which gives 
the commutative diagram 

^ A ^ A* 



B B* 

It turns out that we can simply use the natural inclusion because the sheaves 
A^ = J^"'^ are actually subsheaves of B^ = nX1^'P{L\z\-z) for all p > 0: 

Lemma 5.1. For all p > 0, we have 

as subsheaves of C^'^. It follows that 

^"'P^7r,J-;|C7r,CP(L|z|-z). 

Proof. The proof is contained in the proof of Lemma 6.2 in [R3j . but we should 
repeat the arguments for convenience of the reader. 
We observe that 

TT^iP r- r^'P (- r^^p 

by definition of 7!^'^ and fl2^ . On the other hand, there is a natural inclusion 
C'^'^{L\z\-z) C since Z — \Z\ is an effective divisor so that 

c:nLiz\-z) c cy^zi-z) c c:'^ 

by definition of ^'^(Li^i^^). 

Since the statement is local, it is enough to consider a point P & E and a 
neighborhood U of P such that U is an open set in C", that E is the normal 
crossing {zi ■ ■ ■ Zd = 0}, and P = 0. For a we can take the Euclidean metric. 

Let us investigate the behavior of (0, l)-forms under the resolution vr : M — i- X 
at the isolated singularity vr(P). We can assume that a neighborhood of vr(P) is 
embedded holomorphically into W dC. C^, L ^ n, such that vr(P) = 0, and that 



L^-THEORY FOR d ON COMPLEX SPACES 



19 



7 = Tx*h where h is the Euchdean metric in C . Let wi, ...,wl be the Cartesian 
coordinates of C^. We are interested in the behavior of the forms 77^ := Ti*dw^ at 
the exceptional set. Let dz^ := dzi A ■ ■ ■ A dzn- It follows from the observations 
in subsection 14. II that a form a is in L"'''(?7) exactly if it can be written in multi- 
index notation as 

a = axdzN /\f]K = dzjy A O-kIk (29) 

\K\=q \K\=q 

with coefficients ax G L°'°(?7). That can be seen as follows. Since the forms rjK 
are orthogonal to dz^, we have 

\a\^ = \dzN\-y\ ^ cuktIkI^- 

\K\=g 

Let g he a. function as in subsection 14. 1[ Since |(i2;7v|^ = \g\~^ and \riK\-y < 1, 
there are coefficients ax in fl29l) such that 

\K\=q 

So, a is in L^^'^iU) exactly if \a\^ is in L^^{U) which is the case exactly if all the 
g~^aK are in L^^{U). By use of (l2Ti) . this is the case exactly if all the ax are in 
L°'°(?7). The representation (129!) is not unique. 

Let Z have the order kj > 1 on {zj = 0}, i.e. assume that Z is given by 
f = z'l^ ■ ■ ■ z^''. Since Z = 7r~^(SingX), each 7r*w^ must vanish of order kj on 
{zj = 0}. We conclude that 7r*w^ has a factorization 

7r*w^ = fg^ = Zi'--- 4^ ■ 9,1, 
where g^ is a holomorphic function on U. So, 

where the are (0, l)-forms that are bounded with respect to the non-singular 
metric cr. This means that rj^ = 'K*dwn vanishes at least to the order of Z — \Z\ 
along the exceptional set E (with respect to the metric cr). 

So, fl29|) implies that a form a is in L'^''^{U) exactly if it can be written in 
multi-index notation as 

a = [zi^^-^ ■ ■ ■ z/'-'y Yl "^^-^^ ^ (30) 

\K\=q 

with coefficients ax G -L°'°(f/). 

We conclude that J^"'^ C C C]^''p{L\z\-z) for all p > I, and it remains 
to treat the case p = 0. So, let G J-'^'^(t/). This means that there exists 
ip e C':^^\U) C C'^^\L\z\-z){U) such that ^,,^0 = ^. But it was shown in jR3] . 
Lemma 6.2, that the left-hand side of (?s,£;0 = ip is in C^'^{L\z\-z) if the right- 
hand side is in C'^'^{L\z\-z)- This was elaborated for -0 = 0, but we can as well 
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insert any ip. The key point is that there exists a sequence of smooth forms (f)j 
with support away from E such that 

0,^0 in = L^'°(V^), 

d4>j^ij in l:^^\v) 

on suitable open sets V G U. The considerations above show that conver- 
gence in LI^'^(l^) imphes convergence in L2'^{V, L\z\-z)- By use of the inho- 
mogeneous Cauchy formula, one can show that this implies convergence of {4>j}j 
in L;J'0(V,L|z|_z), as well (see [EH], Lemma 6.2). But then 4> e Q^%L\z\-z)- 
So, we have seen that 

^1 C Cy{L\zi-z) ,P>0, (31) 
jrn,p C C^iL^zi-z) , P > 1. (32) 
Let p > and (p G J^%{U) on an open set U. Then G Cy{U, L\z\-z) by ([31]) 

and G C^'^'^^{U, L\z\-z) by (!32l) . By definition, e4> = dsE4> and thus 

<P^Cy{L\z\^z){U). ' ' □ 

So, we can finally apply Theorem 12.61 and conclude that (for p > 1) the natural 
inclusion l : J-""'* > 7r^,C"'*(L^|_2:) induces the natural injective homomorphisms 

/7^(r(X,^"'*)) M /f*'(r(X,7r,Cr(^|z|-z))), 

iJ^(re,*(X,J-"'*)) ^ i7^'(r,,,(X,7r,C*(L|^l_^))) 

with coker [tp] = T{X, TU') in both cases. For p = 0, it is clear that the maps [to] 
are isomorphisms. Since pull-back of forms under vr gives an isomorphism 

7r*:r(X,7r,Cr(i^|z|-z)) ^r(M,Cr(^|z|-z)), 
we conclude (omitting the natural inclusions t, [tp] from the statement): 

Theorem 5.2. Let X he a Hermitian complex space of pure dimension n > 2 
with only isolated singularities, and n : M ^ X a resolution of singularities with 
only normal crossings (where M carries an arbitrary Hermitian metric a). 

Then the pull-back of forms n* induces for all < p < n natural injective 
homomorphisms 

HP{T{X,J^"n) ^ ^"(r(M,C*(^|z|-z))), 

HP{T,pt{X,J^^n) ^ Hf{T,pt{M,C:'*mz\-z))). 

In both cases, coker [n*] = T{X, RPtt^{ICm ^0{\Z\ - Z))) for p > 1, and the [n^] 
are isomorphisms. 

Combining this with Theorem 14. ![ the well-known fact that {C^'*{L\z\-z),du,) 
is a fine resolution of /Cm <^ 0{\Z\ — Z), and that (J-""'*, dg) is a fine resolution of 
JCx (Theorem 13.21) . we have completed the proof of Theorem ll.il 
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6. Relation to L^-Dolbeault cohomology 

6.1. L^-Serre duality. We shall shortly recall the use of L^-Serre duality as it 
was introduced in |PS] and |R3] . Let be a Hermitian complex manifold of 
dimension n. Let 

be the 9-operator on smooth forms with compact support in N . Then we denote 
by 

the maximal and by 

the minimal closed Hilbert space extension of the operator dcpt as densely defined 
operator from W^^N) to U'^''+^{N). Let be the L^-Dolbeauh cohomol- 

ogy on with respect to the maximal closed extension dmax-, i-e. the 9-operator 
in the sense of distributions on N , and H^^^{N) the L^-Dolbeault cohomology 
with respect to the minimal closed extension dmin- Then, L^-Serre duality can 
be formulated as follows (see |PSj . Proposition 1.3 or |R3j . Theorem 2.3): 

Theorem 6.1. Let N he a Hermitian complex manifold of dimension n and 
< p,q < n. Assume that the d-operators in the sense of distributions 

: L^'^-i(iV)->LP'«(iV), (33) 

d^ax-. LP'%N) ^ LP''^+\N) (34) 

both have closed range (with the usual assumptions for q = or q = n). Then 
there exists a non- degenerate pairing 

{;■}■■ H^Jax{N)y<Hl-r-%N)^C 

given by 




Proof. The proof follows by standard arguments (representation of cohomology 
groups by harmonic representatives) from the fact that the operators (l33l) . (!34l) 
have closed range exactly if their L^-adjoints, the operators 

a™„ : L"-^''"-^(iV) L"-P'"-^+i(iV), 
: L"-^''"-^-i(Ar) ^ L"-^''"-^(iV) 

and their L^-adjoints all have closed range (see [PSj . Proposition 1.3, or |R3] . 
Theorem 2.3). □ 

Note that the theorem remains valid for forms with values in Hermitian vector 
bundles (where we have to incorporate the duality between the bundle and its 
dual bundle). The closed range condition is satisfied e.g. in the following situation 
that we need to consider in the present paper: 
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Theorem 6.2. Let X be a Hermitian complex space of pure dimension n with 
only isolated singularities andQ GG X a domain which is either compact (without 
boundary) or has strongly pseudoconvex boundary which does not intersect the 
singular set, bQ fl SingX = 0. Let < q < n and Q* := Q — SingX. 
Then the d-operators in the sense of distributions 

dma.: (35) 

dma.: L'''^{n*)^L^''^+\n*) (36) 

both have closed range and there exists a non- degenerate pairing 

{:■]■■ H'ZM)^H-J-\Q*)^C 

given by 

Jn* 

Proof. The operators (135|) and (136|) have closed range by |0R] . Theorem 1.1. So, 
the statement follows immediately from Theorem 16.11 

We remark that the closed range condition can be also deduced from finite- 
dimensionality of the corresponding cohomology groups (see |HL] . Appendix 2.4), 
so that |0R] . Theorem 1.1 is nonessential. □ 

6.2. Extension of if^^^-cohomology classes. We consider the following situ- 
ation: Let X be a Hermitian complex space (of pure dimension n) and VL GG X 
a domain with smooth strongly pseudoconvex boundary which does not intersect 
the singular set, i.e. fofiflSingX = 0. Suppose that p : f/ — )■ M is a smooth strictly 
plurisubharmonic defining function (for VL) on a neighborhood U G RegX of hVL. 
For e > small enough, let 

n^:=nu{z eU : p{z) < e}. 

The purpose of this section is to show that for 0<p<'n,, g>l the natural 
restriction 

max\ e J max\ I 

is surjective for e > small enough by use of Grauert's bump method (where 
n* = n- SingX and fi^ = a - SingX). 

Since there are no singularities in the neighborhood \J of the boundary 
we can use the usual bumping procedure as it is described for example in |LM] . 
chapter IV. 7. We only have to make sure that f2— [/ is irrelevant for the procedure. 
But this is in fact the the bumping procedure looks as follows: 

Let B{) = n. Then there exists e > 0, an integer t and smoothly bounded 
strongly pseudoconvex domains -Bi, Bt = fi^ with -Bj-i C Bj for j = 1, ...,t 
such that the complements Bj—Bj_i are compactly contained in patches Uj GG U 
which are biholomorphic to strictly convex smoothly bounded domains in C" (we 
assume that a neighborhood of Uj is biholomorphic to an open set in C"). We 
fix a certain j G {1, t}. The situation can be arranged such that there exists a 
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(small) neighborhood V of hUj fl 6-Bj-i, a strongly pseudoconvex domain D with 
smooth boundary such that 

D c n f/j' , D - = n Uj) - V, 

and D is biholomorphically equivalent to a strictly convex domain with smooth 
boundary in C", and that moreover there exists a smooth cut-off function ip G 
C'^^{X) such that supp'?/' CC f/j, = 1 in a neighborhood of Bj — -Bj-i and 

supp?/^ n hD n = 0. 

Then, one step in the bumping procedure can be accomplished as follows (see 
[LMj . Lemma 7.2). Let 0<j9<'ri, g>l and [0] G HPi'^^{Bj_i) be represented 
by G LP'9(5j_i). Then there exists g' G LP'^'^D) such that a^ax^' = on D. 
We set g := ipg' on D and c/ = on Bj_i-D. Then ^ G LP''?-1(5j_i) nDom^^^^. 
Now, we can set 

, / _ f 4>- dmaxg on 

''^ ■ \ onBj- Bj_i. 

Then 0' G LP''?(5j) and 9^ax0' = such that 0' defines a class [0'] G H^l^{Bj) 
with 

[0llB,_. = [0lB,_J = [0]eif^L(i?.-i)- 

An induction over j = 1, t shows: 

Lemma 6.3. Let X he a Hermitian complex space (of pure dimension n) and 
VL (Z<Z X a domain with strongly pseudoconvex smooth boundary that does not 
intersect the singular set, bQ fl SingX = 0. Let < p < n and q > 1. 

Then there exists a strongly pseudoconvex smoothly bounded domain with 
Q GG such that the natural restriction map 

is surjective (where Q* = Q — SingX and Q* = — SingXj. 

The dual statement (according to Theorem 16.21) reads as: 

Lemma 6.4. Let X be a Hermitian complex space of pure dimension n with only 
isolated singularities and VL GG X a domain with strongly pseudoconvex boundary 
which does not intersect the singular set, bQ fl SingX = 0. Let 1 < q < n, and 
fie chosen according to Lemma \6. 31 
Then the natural inclusion map 

is injective. 

Proof. Note that the map i is defined as follows. For ^lJ G L^'*(i7*) fl Domdmin 
let ip be the trivial extension by to Q*. Then G L^''^{Q*) CiDomdmin- So, the 
map i is given by the assignment [-0] i— [-0]. 
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Now then, let [i)] e H'^^-^VL*) such that 

By Theorem I6.2[ this means nothing else but 

/ A = (37) 

for all [r,] G H^lA^l). 

Let [0] G By Lemma EJl there exists a class [</>'] G such 

that 

m = W]W = W\nA = [<P\^HtlM)- 

By dalD, this yields 

/ (f)Atlj= (j)'Ailj= I (j)'A^=0 (38) 
Jn* Jn* Jn* 

for all [0] G if^^2,(f2*) which (by use of Theorem 16.21) means nothing else but 

M = G H::;z-'m- □ 

6.3. Exceptional sets. We need some well-known facts about exceptional sets. 
Here, we adopt the presentation from [UVj . section 3.1. 

Let X be a complex space. A compact nowhere discrete, nowhere dense analytic 
set A C X is an exceptional set (in the sense of Grauert |G2] . §2. Definition 3) 
if there exists a proper, surjective map vr : X — )■ F such that 7t{A) is discrete, 
TT : X — A — > y — IT (A) is biholomorphic and for every open set D <zY the map 
vr* : r(D, Oy) r(7r-i(D), Ox) is surjective. 

Theorem 6.5. (Grauert |G2j . ^2.Satz 5) Let X he a complex space and A G X 
a nowhere discrete compact analytic set. Then A is an exceptional set exactly if 
there exists a strongly pseudoconvex neighborhood U GG X of A such that A is 
the maximal compact analytic subset of U. 

Theorem 6.6. (Laufer [L], Lemma 3.1) Let tt : U ^ Y exhibit A as exceptional 
set in U with Y a Stein space. If V G U with V a holomorphically convex 
neighborhood of A and is a coherent analytic sheaf on U, then the restriction 
map p : H^{U, — t- H^{V, J-") is an isomorphism for i > 1. 

6.4. L^-c^mm-R-epresentation of H^p^{Q, ICx)- The purpose of this subsection 
is to represent the cohomology with compact support of )Cx terms of L'^-dmin- 
cohomology groups. This can be done on strongly pseudoconvex domains. 

For this, we return to the situation of subsection 16. 2| i.e. let X be a Hermitian 
complex space of pure dimension n with only isolated singularities and Vt GG X 
a domain with smooth strongly pseudoconvex boundary which does not intersect 
the singular set and p : ?7 — )■ M a smooth strictly plurisubharmonic defining 
function (for Vt) on a neighborhood U G RegX of hVt. For e > small enough, 

n, = n\J {z eU : p{z) < e}. 
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Note that a neighborhood oiVt^ — Vt does not contain singularities. We have: 
Lemma 6.7. Let < q < n. In the situation above, the natural injection 

is an isomorphism. 

Proof. The mapping iq is induced by extending sections in Tcpt{^iJ^^'*) trivially 
to sections in Tcpti^e-, J^"'*). Let vr : M — )■ X be a resolution of singularities as in 
Theorem I5.2|, 

■=RH,{1Cm®0{\Z\- Z)), 
D := 7r~^{Q), := 7r^^(fif), and consider the exact diagram 

— . ^f'(r,pi(fi„ J--'*)) — tH'i{T,pt{D,, cr{L\z\-z))) — r(a, 7^'') — - o. 

This diagram is commutative because the maps tt* are induced by puUback of 
forms under vr : M — )■ X, ig and jq are induced by the trivial extension of forms, 
and the maps s are induced by the residue class maps ViVL^lC) — )■ ViVL.TZ'') 
and r(f2e,/C'^) — )■ TiVL^^Tl!^), respectively. The vertical arrow on the right-hand 
side of the diagramm is an isomorphism because there are no singularities in a 
neighborhood oiVt^ — Vt. 

But jq is also an isomorphism. This follows from Theorem 16.61 as follows. The 
map 

Jq : H'^{T,,,{D,Cr{L^z\-z))) ^ i/^(r,,,(A, C*(^|z|-z))) 
is dual to the natural restriction map 

p„_, : H--'^{V{D,,Cl^*{Lz-\z\))) ^ H--''{T{D,C'f{Lz-\z\))). 

Since C^'*{Lz-\z\) is a fine resolution of 0{Z — \Z\), we can apply Theorem 16. 6l to 
0{Z — \Z\) and conclude that Pn-q is an isomorphism for q < n. Since D and 
are strongly pseudoconvex subsets of a complex manifolds, we can apply Serre 
duality, and obtain that jq is also an isomorphism for q < n. But then iq is an 
isomorphism as well by commutativity of the diagram. □ 

From this and Lemma 16. 4[ we deduce: 

Theorem 6.8. Let X he a Hermitian complex space of pure dimension n with 
only isolated singularities and dd X a domain with strongly pseudoconvex 
boundary which does not intersect the singular set, bQ (1 SingX = 0. 
Let < q < n. Then the natural inclusion map 

is an isomorphism. 
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Proof. Let be a strongly pseudoconvex neighborhood of Q as in Lemma 16.41 
and Lemma 16.71 If g > 1 , we consider the sequence of trivial inclusions 

Now then, j o t is an isomorphism as it is just the map iq from Lemma [67fl Hence, 
L must be injective and j is surjective. 

On the other hand, k o j is injective as it is just the map i from Lemma 16.41 
Hence, j is also injective. 

So, the maps j and jot both are isomorphisms. This shows that l is an 
isomorphism, as well. 

It remains to treat the case g = 0. But this is trivial for the groups under 
consideration both vanish. Let vr : M — )■ X be a resolution of singularities as in 
Theorem 14.11 Consider a form 

0er,pi(fi,j-"'°). 

Then 

vr*0 e T,pt{7r-\n), /Cm ® 0{\Z\ - Z)) = 

since holomorphic ra-forms with compact support in a non-compact manifold must 
vanish. On the other hand, let 

Then can be trivially extended to a S^-closed form with compact support, 

so that = as before. □ 

6.5. L^-version of the first main theorem. A slight modification of the proof 
of Theorem 16.81 also gives an L^-version of Theorem ILII For this, we also need 
the well-known: 

Lemma 6.9. Let (M, a) be a Hermitian complex manifold of dimension n and 
let G dd M he a strongly pseudoconvex smoothly hounded domain. Assume that 
Z is a divisor with support in G and denote hy L\z\-z Hermitian holomorphic 
line hundle as in section\^ ( the proof of the first main theorem). Then the natural 
inclusion (trivial extension of forms) induces a natural isomorphism 

for all < q < n. 

Proof. By use of Serre duality and the L^-duality Theorem 16.11 for forms with 
values in Hermitian line bundles (see |R3] . Theorem 2.3), it is enough to prove 
that the natural map 

H'^:-''{G,Lz-\zi) ^ H^-'iTiGX^/iLz-izi))) (39) 
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is an isomorphism. But this is the well-known equivalence of L^- and Lf^^- 
cohomology on strongly pseudoconvex domains^ The map ( 139|) is induced by 
the natural inclusion Lz-\z\) ^ Lz-\z\) of L^- into L^^^-forms 

on G, and (C°'*(Lz-|z|), <9«,) is the usual fine L^^^-resolution of 0{Z — \Z\). □ 

Combining Theorem 16.81 with Lemma [6. 9[ we obtain the L^-version of the first 
main theorem: 

Theorem 6.10. In the situation of Theorem \l.l\ let VL CC X he a domain with 
strongly pseudoconvex smooth boundary that does not intersect the singular set, 
bfl n SingX = 0. LetO<p<n,Q:= 7r-\Q) and Q* = Q - SingX. 

Then the pull-back of forms vr* induces a natural injective homomorphism 

K--H':^li^*)^H-JS^,L\z\-z) 
with coker hp = T{Q, RPtt^{}Cm'^0{\Z\ — Z)) ifp > 1, and Hq is an isomorphism. 

Proof. Consider the diagram of natural mappings 

where [vr*] is the map from Theorem 15.21 l is the map from Theorem 16.81 and 
Lcpt is the map from Lemma 16. 9[ Since all these maps are induced by natural 
inclusion or pull-back of forms, the diagram is commutative. But l and Lcpt are 
isomorphisms and [vr*] is injective with coker [n*] = T{Q, RPtt^{ICm ^0{\Z\ — Z)) 
if p > 1 and an isomorphism for p = 0. That implies the statement. □ 

The situation is much easier on compact complex spaces (where we can also 
include the case p = n): 

Theorem 6.11. In the situation of Theorem assume that X is compact. 
Let < p < n. Then the pull-back of forms vr* induces a natural injective 
homomorphism 

hp : H':;l{X - SingX) — > i7"'^(M, L\z\-z) 
with coker hp = r{X, RFtt^{}Cm^O{\Z\ — Z)) ifp > 1, and ho is an isomorphism. 

Proof. Since X is compact, the statement follows directly from Theorem 15.21 be- 
cause then 

H^{Tcpt{X,J--n) = ^:i(^-SingX), 
miTcptiM,Crmzi-z))) = H^'^{M,L\zi-z). 
for all < p < n. □ 

^ One can prove the isomorphy p9|) by combining Lemma 16.31 and Theorem 16.61 
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6.6. Mayer- Vietoris for the 5mm-complex. We will now remove the assump- 
tion that fl has strongly pseudoconvex boundary from Theorem 16.101 by use of 
the Mayer- Vietoris sequence for the (9mm-complex. 

Let be a Hermitian complex manifold. For an open set ^ C A^, let 

C^J,{V):=L^'^{V)nDomdr^,,^ 

be the square- integrable {p, g)-forms in the domain of dmin- We denote by 
Cmini^) the dmin-complex of (p, g)-forms 

Let U, V be two open sets in N with non-empty intersection. For any p, q, let 

jv. c^Jniv)^c^J^iuuv) 

be the trivial extension of {p, g)-forms. Then it is clear that the natural sequence 
of complexes 

^ c^^L(f/ n V) cZn(u) © c^SV) cZniu uv)^o (40) 

is exact on the left and in the middle. Assume that (140|) is also exact on the 
right. Then the short exact sequence (HOjl gives rise as usually to the long exact 
cohomology sequence 

H±{u n V) B±{U) © H^±{V) ^'^^ H±{U U F) A 

We can use this kind of Mayer- Vietoris sequence to prove the following gener- 
alized version of Theorem 16.101 

Theorem 6.12. Let {X,h) be a Hermitian complex space of pure dimension 
n > 2 with only isolated singularities, n : M X a resolution of singularities 
with only normal crossings, and Q GG X a relatively compact domain. Let 
< p < n, Q := n~^{Q), 7 = n*h and Q* = Q — SingX. Provide Q with a 
(regular) Hermitian metric which is equivalent to 7 close to the boundary bfl. 

Let Z := 7T~^{Q fl SingX) be the unreduced exceptional divisor (over Q) and 
Km the canonical sheaf on M . Then the pull-back of forms it* induces a natural 
infective homomorphism 

with coker hp = r{Q, R^tt^{ICm ^0{\Z\ — Z)) if p > 1, and ho is an isomorphism. 
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Note that singularities in the boundary hVt of Vt are not permitted. 

Proof. Let Y := VLr\ SingX be the (finite) set of isolated singularities in VL and 
E := |7r^^(F)| the (compact) exceptional set in Q. Let W CC V be two smoothly- 
bounded neighborhoods of y in f2 with strongly pseudoconvex boundary. For 
this, one can just take the intersection of X with small balls centered at the 
isolated singularities (in local embeddings). Note that W and V do not need to 
be connected. Let U := fl — W and x be a smooth cut-off function with compact 
support in V which is identically 1 in a neighborhood of W. Then U does not 
contain singularities and x is constant close to SingX. 

Let V* = V - SingX, V := n-\V), U := n-\U) and x = t^*X- Choose any 
(regular) Hermitian metric a' on M. Then cr := x<^' + (1 — x)l is a (regular) 
Hermitian metric on Q which is equivalent to 7 close to bQ. All such metrics 
on Q are equivalent. In the following, we work with the two Hermitian complex 
manifolds {Q*,h) and {Q,cr). 

Let L := L\z\-z ^ M be the holomorphic line bundle as above, carrying an 
arbitrary Hermitian metric. This metric can be arbitrary because Q is relatively 
compact in M and we have chosen Z = 7r~^{Q fl SingX). This setting avoids 
problems with singularities in the boundary of Q. 

In this situation, the short sequence (HOj) is exact. The reason is as follows. Let 
u e C^*„(f/U\/*)beaformon[/uy*. Then G C^^l{V*), {x'lp e C^^iU) 
and {ju — jy)(xw, (x — l)w) = u. Thus, there is a long exact Mayer- Vietoris 
sequence as above on U U V* = Q* . 

Analogously, we have a short exact sequence fHOl) of complexes of forms with 
values in the Hermitian holomorphic line bundle L\z\-z on Q = U UV (by using 
the smooth cut-off functions x ^ ~ x)j ^^id this yields another long exact 
sequence on Q for forms with values in L\z\-z- 

This leads to the long exact natural commutative diagram (set L := L\z\-z) 



n V*) . H^iliu) © i/:i(v^*) . H-JS^*) — . .. 

where all the vertical maps are induced by pull-back of forms (see the proof of 
Theorem 11.11) . By our choice of the open coverings and metrics, the maps h^^^ 
and /i^ are isomorphisms for all < g < n. By Theorem 16. 10[ the are injective 
for < g < n with coker = and coker = T{V, BPn^iJCM ® C(|^| - Z))) 
for 1 < p < n. Thus, the same holds for the maps h^^^ , < q < n. But 

T{V, i?%,(/CM ® 0{\Z\ - Z))) = T{n, RP-K^ilCM ® 0{\Z\ - Z))) 
for all 1 < p < n, and this finishes the proof. □ 



30 



J. RUPPENTHAL 



7. Proof of the second main theorem 

7.1. Cohomology with support on the exceptional set. Let vr : M — )■ X 

be a resolution as in Theorem 11.31 and E = |7r^^(i7 fl SingX)| the exceptional 
set. For a closed subset K of M and a sheaf of abelian groups J-", we denote by 
H^{M,J^) the flabby cohomology of J-" with support in K. In this section, we 
are interested in the case where K is the exceptional set -E. A nice review of 
cohomology with support on the exceptional set can be found in |UVj . section 

3.2, a more extensive treatment in [K]. 

Let G C X be an open set and G := 7i^^{G). In the following, we may assume 
that E G G. Since X has only isolated singularities, there exists a (smoothly 
bounded) strongly pseudoconvex neighborhood V of E in G which exhibits E as 
exceptional set in G (see section I6l3|) . H^(y,J-') = H'^i^M^J^) by excision and so 
we have natural homomorphisms 

Then: 

Theorem 7.1. (Karras [K], Proposition 2.3) If is a coherent analytic sheaf 
on M such that depth^J^ > d for all x E V — E , then 

is an isomorphism for j < d. 

On the other hand we have seen that 

T{G,Wt:Xm®0{\Z\- Z))=\\mHP{Tt-\U),lCM®0{\Z\- Z)) 

u 

for p > 1, where the limit is over open neighborhoods of SingX fl G. But then 
the natural maps 

ap : HP{y, Km ®0{\Z\- Z)) r(G, RP-rXm ®0{\Z\- Z)) (41) 

are isomorphisms for p > 1 by Theorem 16.61 

By use of Serre duality, there exists a non-degenerate pairing 

H^iV, Km ®0{\Z\- Z)) X H^-^iV, 0{Z - |Z|)) C. (42) 

Since depth(9(Z— \Z\) = n, we can combine Theorem 17. II with fj4Tl) and fj42|) and 
obtain: 

Theorem 7.2. In the situation described above, there is a natural non-degenerate 
pairing 

r{G, RP-kXm 0O{\Z\- Z)) X H^'^'iG, 0{Z -\Z\))^€ 
for 1 < p < n which is induced by Serre duality and the natural isomorphisms 
ap : HP{V, Km ^0{\Z\- Z)) ^ r(G, R^-kXm ®0{\Z\- Z)), 
7„_, : H^-'iM, 0{Z - \Z\)) ^ H:p-/{V, 0{Z -\Z\). 
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7.2. The natural surjection onto We use the notation 

W ■= R''t:,{1Cm®0{\Z\- Z)) 

for p > 1 and set TZ^ = for ease of notation but emphasize that this is clearly 
not the direct image of /Cm <^ 0{\Z\ — Z). 

Assume first that Q is strongly pseudoconvex with smooth boundary that does 
not intersect the singular set or that = X is compact. 

By Theorem 16.121 or Theorem 16.111 respectively, there is an exact sequence of 
natural homomorphisms (induced by pull-back of forms and the residue map) 

H::Snm ^ H^gin, l^^i-z) ^ n^) ^ o, (43) 

where Vt* = Vt — SingX and Vt = 7r^^{Q). 

Let V GG Q he a strongly pseudoconvex (smoothly bounded) neighborhood of 
the exceptional set in Q as in section \77L[ For p > 1, the map Hp in (143|) factors 
through H^iy, Km ® 0{\Z\ — Z)) by use of the isomorphism ap in Theorem 17.21 

TTp : H'^l{n,L\z\-z) ^ HP{V,)Cm ® 0{\Z\ - Z)) ^ ^(fi,7^^), (44) 

where Vp is the natural restriction map. Ignore this factorization in the case p = 0. 

Note that all the groups in (H3|) and (jH]) are finite-dimensional. For any such 
group G, we denote the dual space of (continuous) linear mappings to C by 

G* := Hom(G,C). 

By finite-dimensionality, the contravariant functor G i— )■ G* is not only left-exact, 
but also right-exact. So, (H3l) yields the natural exact sequence 

-> m,nr ^ KLi^.L^zi-zT ^ H':^im* ^ o, (45) 

where tt* factors through H^iV, 1CmO{\Z\ — Z))* by use of the isomorphism a*: 

; r(fi, Wy ^ H^iV, Km ® 0{\Z\ - Z))* ^ H'^ili^, L^zi-zY- (46) 

Again, ignore this factorization if p = 0. The situation is quite comfortable since 
all the groups under consideration are of finite dimension. Anyway, the argument 
remains valid if only the corresponding 9-operators all have closed range. Then, 
all the spaces under consideration inherit a natural locally convex topology (see 
|R1] . Theorem 1.41), and then the functor G t— t- G* is right-exact by the Hahn- 
Banach Theorem (see |R1] . Theorem 3.6). 

Now, consider the commutative diagram of natural mappings (let q = n — p) 

nn* ^ Hi^i^in, l^zi-zY — ^:^^(^^*)* — - o 

— H^n, 0{Z - \Z\)) — H^JiM Lz-\z\) - H^mLm 0, 
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where the vertical isomorphisms are induced by the natural non-degenerate pair- 
ings from Theorem \7.2\ Theorem 16.11 for forms with values in holomorphic line 
bundles (see |R3] . Theorem 2.3) and Theorem 16.11 itselfH The map iq is the 
isomorphism 7n-p from Theorem 17.21 followed by a natural mapping: 

zq : HUA 0{Z - \Z\)) '-^ H!^,{V, 0{Z - \Z\)) -> H^J^M Lz-\z\). (47) 

Put instead of H'^iVt, 0{Z — \Z\)) in the case p = (i.e. if g = n). Now, define 

Sq '■ H^lxi^, Lz-\z\) — > H^l^{n*) 

to be the natural mapping which makes the diagram commutative. A realization 
of this mapping on the level of forms can be obtained by working with harmonic 
representatives of cohomology classes. 

The lower line of the natural commutative diagram must be exact for the upper 
line is exact. That proves the second main Theorem 11.31 if Q is compact or has a 
strongly pseudoconvex smooth boundary without singularities. 

The general statement follows exactly as in the proof of Theorem 16.121 by use 
of the Mayer- Vietoris sequence for the c^max-cohomology. 

We may add a few words about the commutative diagram. Consider a coho- 
mology class [a] e H'^{fl,0{Z — \Z\)). Then [a] is represented by a (O,g)-form 
with compact support in V: 

aeT,ptiV,C'^''iLz-iz\)) 
and defines a functional in r{Q,TZP)* by 

[a] : [b]\-^ / a A 6, 
Jv 

where b G Tiy,C^''P{L\z\-z)) is a representative of [b] G T{Q,71p) on V. Since a 
has compact support in V, it defines also the functional vr*[a] G H^f^{Q, L\z\-z)* 
by the assignment 

IT* [a] : [c] i-> / a A c, 
Jn 

where c G T{Q,C^'^{L\z\-z)) is a representative of [c] G H^f^{Q, L\z\-z)- On the 
other hand, the class iq[a] G H^l^{Q, Lz~\z\) is also represented by the form a. 

But then n*[a] = iq[a] in H^^^f^^Q, L\z\-z)* , showing that the left hand square of 
the diagram is commutative. 

Assume that iq[a] = in if^^^(f2, L^_|^|), i.e. that there exists a form / G 

T{Q, C^'^~^{Lz-\z\)) such that dmaxf = a- Let x be a smooth cut-off function with 
compact support in V which is identically 1 in a neighborhood of the exceptional 
set E. Then [a] = [a - d{xf)] in H%(SI,0{Z - \Z\)). But now a - d\xf) is 



Here, we use that 57 is compact or has a strongly pseudoconvex boundary so that the 
9-operators under consideration have closed range and the duality statements can be applied. 
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vanishing in a neighborhood of E meaning that it can be considered as a form 
in Tcpt{V,Cl''i). But H^pt{V,0) ^ //"""(V, /Ca/) = by Takegoshi's theorem. So 
there exists g e_r,pt(V, C^'^-i) C T,ptiV,C^a'''~HLz-iz\)) such that dg = a-d{xf)- 
Thus [a] = [a — d{xf)] = G H'^{Q, 0{Z — \Z\)) showing again that ip is injective. 
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